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ABSTRACT
We propose to embed de Sitter space into five dimensional anti-de Sitter space
to compute some physical quantities of interest, using the AdS/CFT correspondence.
The static de Sitter can be considered as the conformal structure of the boundary of
the hyperbolic AdS5 with a horizon, thus energy as well as entropy can be computed.
The global dS can be embedded into a half-global AdS5, and the dS entropy can be
regarded as entanglement entropy in this case. Finally, the inflationary dS can also
be regarded as the boundary of AdS5, and this can be extended to include general
cosmology with a positive cosmological constant, however at the price of introducing
a naked null singularity in the bulk unless the cosmology is pure de Sitter space.
1 Introduction
The problem of dark energy is one of the most profound problems in fundamental
physics and cosmology. More specifically, we do not yet understand a positive cos-
mological constant and physics in de Sitter space.
Understanding de Sitter space can be viewed as a first step toward understanding
dark energy and the origin of the universe with dark energy. Many attempts have
been made to understand the origin of de Sitter space as well as physics in de Sitter
space, such as the string landscape scenario [1]-[3] , matrix model of de Sitter space
[4], the dS/CFT correspondence [5]-[8], and resonant bubble in AdS [9, 10, 11]1, to
name a few. However, no serious progress has been made by far.
The present work is motivated by our previous study on using metamaterials to
mimic de Sitter space and our calculation of the Casimir energy in de Sitter space
[27, 28].
It is known that de Sitter space can be embedded into anti-de Sitter space as its
boundary, while some aspects of quantum field theory on de Sitter space based on
the AdS/CFT correspondence were explored in [13]-[20] and references therein. We
carry out a deeper study in this paper. The static de Sitter can be considered as
the conformal structure of the boundary of the hyperbolic AdS5 with a horizon, thus
energy as well as entropy can be computed. Of course, the volume of the horizon of the
hyperbolic AdS is infinite, we need to introduce an infrared cut-off. Interestingly, this
cut-off corresponds to a cut-off separating a stretched horizon from the real horizon
in the static de Sitter, the conformal boundary of the hyperbolic AdS. As we shall
see, energy computed using the AdS/CFT picture is proportional to the radius of
dS when the infrared cut-off is interpreted in the above fashion. The energy/entropy
ratio computed has the same functional form as we expect from the dS physics.
The global dS can be embedded into a half-global AdS5, and the dS entropy can
be regarded as entanglement entropy in this case. Finally, the inflationary dS can
also be regarded as the boundary of AdS5, the extension of this includes general
cosmology with a positive cosmological constant. However, an imperfect point is that
this embedding has null singularity for a general cosmology.
1Some comments on embedding inflation in AdS/CFT can be found in [12]
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In the next section, we embed the static de Sitter space as well as the global de
Sitter space into AdS5, and we embed the inflationary de Sitter space into AdS5 in
sect.3 and we show that this embedding can be generalized to a general cosmology
with a positive cosmological constant.
2 Holographic Static de Sitter
Both energy and entropy are well-defined in the static patch of de Sitter space:
ds24 = −(1−
r2
ℓ2
)dt2 + (1− r
2
ℓ2
)−1dr2 + r2dΩ22, (2.1)
Thermodynamics was considered by Gibbons and Hawking in [21], the de Sitter space
entropy is still proportional to the area of the horizon. By embedding de Sitter
space to five dimensional anti-de Sitter space, we shall show that this entropy can
be explained as the usual black hole entropy in the hyperbolic patch of 5D anti-de
Sitter space, as well as the entanglement entropy of the two halves of the boundary
of a half-global (time-dependent ) anti-de Sitter space.
We first consider embedding the static de Sitter to 5D anti-de Sitter. Since only
the conformal structure is relevant when de Sitter space is taken as the boundary of
anti-de Sitter, we perform the following transformation. By multiplying a conformal
factor Ω2 = (1− r2
ℓ2
)−1, above metric can be mapped to the metric on R×H3
ds24 = −dt2 +
dρ2
1 + ρ2/ℓ2
+ ρ2dΩ22, (2.2)
where r is related to ρ by the following transformation
r =
ρ√
1 + ρ2/ℓ2
. (2.3)
From this expression, it is straightforward to see that the de Sitter horizon is mapped
to ρ =∞. But usually, when discussing physics in a space time with a nondegenerate
horizon, the boundary condition is always put at the stretched horizon which is away
from the real horizon by a proper distance in Planck unit. In terms of coordinate r,
the stretched horizon is at
rs ≃ ℓ− ℓ2p/2ℓ, (2.4)
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where ℓp is the proper distance between the stretched horizon and the real horizon,
and can be considered to be on the scale of the Planck length. rs is mapped to an
infrared cut-off of ρ, namely the maximum value of ρ
ρmax ≃ ℓ2/ℓp. (2.5)
To a field conformally coupled to gravity, the background metric (2.1) and (2.2) are
equivalent up to some quantum mechanical anomaly. However, as we will see the
anomaly contribution to physical quantities of interest of us is negligible.
Before proposing the holographic dual of static de Sitter, we should mention that
it is known for a long time that to an observer sitting at the center of static de Sitter,
the global de Sitter vacuum of a quantum field appears to be a thermal state with
temperature 1/(2πℓ) [21]. To keep this feature in the conformal metric (2.2), we
require the global de Sitter vacuum be described by a thermal state on R×H3 with
temperature 1/(2πℓ).
Now we propose the holographic dual to the static de Sitter is the the hyperbolic
foliatation of pure AdS5
ds25 = −(
r2
ℓ2
− 1)dt2 + (r
2
ℓ2
− 1)−1dr2 + r
2
ℓ2
dH23 , (r ≥ ℓ) (2.6)
with
dH23 = (1 +
ρ2
ℓ2
)−1dρ2 + ρ2dΩ22, (2.7)
the boundary of (2.6) is conformal to the metric in (2.2), thus is conformal to the
static de Sitter. The hyperbolic AdS5 has a horizon thus has a temperature 1/(2πℓ)
coinciding with the temperature of boundary field theory on R × H3. Therefore,
this geometry provides a holographic description of boundary thermal state with
temperature 1/(2πℓ) which is the global de Sitter vacuum of quantum field observed
by the center observer. We now compute the energy and entropy of this state via
AdS/CFT method [22]-[25]. They are given by
E =
3VH3
64πG5ℓ
, (2.8)
S =
VH3
4G5
. (2.9)
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In above expressions, VH3 is the volume of hyperbolic space
VH3 = Ω2
∫ ρmax
0
ρ2dρ√
1 + ρ2/ℓ2
≃ 1
2
Ω2l
3ρ2max = 2πℓ
5/ℓ2p. (2.10)
Inserting this value into (2.11) and (2.9), we obtain
E =
3ℓ3
32G5
ℓ
ℓ2p
, (2.11)
S =
πℓ3
2G5
ℓ2
ℓ2p
. (2.12)
the dimensionless quantity ℓ3/G5 should to be replaced by a certain pure number
associated with the degrees of freedom in the dual field theory. For instance, in the
well-known AdS/SYM correspondence,
πℓ3/2G5 → N2. (2.13)
Thus we find that in the de Sitter horizon, energy of the global de Sitter vacuum
of field observed by the center observer is proportional to the size of de Sitter horizon
as predicted in [26, 27, 28] and the entropy is proportional to the area of horizon
previously found in [29] as geometric or entanglement entropy of field in static de
Sitter. Based on the formulas of energy and entropy, one can compute the energy per
degree of freedom. It is given by
E/S =
3
16πℓ
. (2.14)
This ratio, unlike the total energy and entropy, is independent of the two undeter-
mined parameters ℓ3/G5 and ℓ
2
p.
While for the pure de Sitter vacuum, the energy momentum tensor of cosmological
constant is T µν = −3δµν /(8πG4ℓ2). The corresponding energy inside the horizon can
be computed as
EΛ =
∫ ℓ
0
T µν ξ
νnµ
√
γdrdθdφ =
ℓ
2G4
, (2.15)
where ξν is the time Killing vector in the horizon and nµ is the future directed unit
normal vector of constant time surface. Since the Gibbons-Hawking entropy of de
Sitter is
SΛ =
πℓ2
G4
, (2.16)
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thus energy per degree of freedom of pure de Sitter is given by
EΛ/SΛ =
1
2πℓ
. (2.17)
Comparing (2.14) and (2.17), we find the energy per degree of freedom of the global
de Sitter vacuum of field observed by the center observer is smaller than that of pure
de Sitter by a factor 3
8
. It is interesting to note that ratio (2.17) is just the de Sitter
temperature. We do not know how to explain the mismatch factor 3/8 in (2.14),
nevertheless, it is apparent that by taking dS4 as the boundary of the hyperbolic
AdS5, there is no gravity in dS4, thus physical quantities are not expected to be
identical to those in a dS4 with gravity.
In the following, we will show that the entropy (2.9) indeed has a holographic
interpretation of entanglement entropy [30]. To see this clearly, we study AdS5 in the
following coordinates
ds25 = (1 +
r2
ℓ2
)−1dr2 + r2(−dt2/ℓ2 + cosh2(t/ℓ)dΩ23). (2.18)
The conformal boundary of above metric is the global de Sitter space. This metric
has the following flat embedding in the R(2,4) as
ds26 = −dX20 − dX21 + dX22 + dX23 + dX24 + dX25 , (2.19)
X0 = r sinh(t/ℓ)
X1 =
√
ℓ2 + r2,
X2 = r cosh(t/ℓ) cosχ
X3 = r cosh(t/ℓ) sinχ cos θ,
X4 = r cosh(t/ℓ) sinχ sin θ cosφ
X5 = r cosh(t/ℓ) sinχ sin θ sinφ. (2.20)
Since X1 ≥ ℓ in this embedding, the metric (2.18) covers approximately only half of
AdS5. One can check that the bifurcate hyperbolic horizon corresponds to X0 = 0,
X2 = 0 and 0 ≤ r ≤ ρmax. To see this clearly, we present flat embedding of hyperbolic
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foliation of AdS5
X0 =
√
r˜2 − ℓ2 sinh(t˜/ℓ),
X1 = r˜
√
1 + ρ2/ℓ2,
X2 =
√
r˜2 − ℓ2 cosh(t˜/ℓ),
X3 = (r˜/ℓ)ρ cos θ˜,
X4 = (r˜/ℓ)ρ sin θ˜ cos φ˜,
X5 = (r˜/ℓ)ρ sin θ˜ sin φ˜, (2.21)
where we use letters with tilde to denote coordinates of the hyperbolic foliation of
AdS5. Thus horizon of hyperbolic foliation of AdS5 is at X
2
0 = X
2
2 . The finite
hyperbolic time cross section of hyperbolic horizon resides at X0 = 0 and X2 = 0. In
terms of global de Sitter coordinates, it is t = 0 and χ = π/2. At t=0, the boundary
theory (r = ρmax) is defined on S
3 and χ = π/2 is the equator dividing S3 into two
halves. Meanwhile, it can be found that the equator defined at t = 0 and χ = π/2 is
the event horizon to the north pole observer [31]. Taking the equator as the boundary
of field theory defined on one of the two halves. The holographic entropy is then [32]
Shol =
Area(Σ)
4G5
, (2.22)
where Σ is a three dimensional minimal surface in AdS5 bounded by the equator.
Although the half-global patch (2.18) is time-dependent, the equator on the bound-
ary we are interested in sits at time t = 0 thus we expect that the minimal surface
bounded by this equator also sits at t = 0 due to the reflection symmetry of (2.18) in
time (t→ −t). The surface Σ has the area
Area(Σ) = 4π
∫ ρmax
0
r2 sin2(χ)
√
r2χ′2 +
1
1 + r2/ℓ2
dr, (2.23)
where χ′ = ∂rχ. The minimal surface solves the following equation
r2 sin(2χ)
√
r2χ′2 +
1
1 + r2/ℓ2
= ∂r
(
r4 sin2(χ)
χ′√
r2χ′2 + 1
1+r2/ℓ2
)
. (2.24)
A solution is just given by χ = π/2. Inserting this into (2.23), immediately we recover
the result in (2.9)
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3 Holographic Cosmological Solutions Asymptotic
to de Sitter
We first note that the expanding de Sitter can be embedded in AdS5 as
ds25 = (1 +
r2
ℓ2
)−1dr2 +
r2
ℓ2
(−dt2 + e2t/ℓ(dx2 + dy2 + dz2)). (3.1)
In this section, we are interested in generalizing the above embedding to a more
general and realistic cosmology. For a generic scale factor a2(t), the nonvanishing
components of Einstein tensor are obtained in the following
Grr =
6
ℓ2 + r2
− 3ℓ
2
r2(1 + r2/ℓ2)
(H˙ + 2(H2 − ℓ−2)),
Gtt = −6r2/ℓ4 + 3(H2 − ℓ−2),
Gij = δij
(
6r2a2/ℓ4 − (2H˙ + 3(H2 − ℓ−2))a2
)
, (3.2)
We require the following Einstein equations be satisfied
GMN = 6ℓ
−2gMN + 8πG5TMN , M,N = (r, t, x, y, z) (3.3)
where the energy momentum tensor is assumed to be
TMN =
ℓ2
r2
diag{q,−ρ, p, p, p}. (3.4)
The energy momentum conservation demands that
ρ˙+ 3H(p+ ρ) = 0,
r∂rq + 2q + (ρ− 3p) = 0. (3.5)
We find that (3.3) and (3.5) are solved by
H2 = ℓ−2 +
8πG5
3
ρ(t),
˙ρ(t) + 3H
(
p(t) + ρ(t)
)
= 0, (3.6)
q(t) = −1
2
(ρ− 3p). (3.7)
In the following, we will discuss the constraints on the state parameter w from
five dimensional energy conditions. For p = wρ, q = −1
2
(1− 3w)ρ
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• 1) Weak energy condition ρ ≥ 0, ρ+ p ≥ 0 and ρ+ q ≥ 0 require w ≥ −1
3
,
• 2) Null energy condition ρ+p ≥ 0 and ρ+ q ≥ 0 gives the same answer if ρ ≥ 0,
• 3) Strong energy condition ρ + 3p + q ≥ 0, ρ + p ≥ 0 and ρ + q ≥ 0 demands
that w ≥ −1
9
,
• 4) Dominant energy condition ρ ≥ 0, ρ ≥ |p| and ρ ≥ |q| reads −1
3
≤ w ≤ 1.
To end this section, we should mention that the five dimensional embedding of
inflationary universe (except the pure de Sitter case) has a naked singularity at r = 0
which can be seen below. The curvature square is
RMNPQR
MNPQ = 16ℓ−4 + 12(ℓ−2 − ℓ
2H2 − 1
r2
)2 + 12(ℓ−2 − ℓ
2H˙ + ℓ2H2 − 1
r2
)2. (3.8)
Since near r = 0, the (t, r) component of the five dimensional embedding of an
inflationary universe with matter approaches the Rindler metric, the singularity at
r = 0 lies on the Rindler horizon and is null. We also made attempts to hide this
singularity behind a black hole horizon but it turns out that new singularity will
appear at the horizon, thus there seems to be always a null singularity in the simple
embedding of time dependent solutions.
4 Conlusion
In this paper, we try to understand quantum field theory in de Sitter via the AdS/CFT
correspondence. We find that the static de Sitter is conformally related to R × H3,
and the latter can be embedded into the hyperbolic AdS5 as conformal boundary. The
hyperbolic AdS5 has a horizon thus has a temperature. The temperature is precisely
the de Sitter temperature. We compute energy and entropy of the hyperbolic AdS5
which correspond to the same quantities of certain quantum field theory living on
the boundary. It turns out that energy is proportional to the size of the dS horizon
and entropy is proportional to the horizon area if an IR cut-off is introduced in the
bulk. The functional dependence of energy and entropy with respect to horizon size
recovers previous results using quantum field theory method.
We also tackle the problem of embedding inflationary dS into AdS5. It is found
that the solution can be obtained by introducing a simple matter energy momentum
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tensor in the bulk. An imperfect point is that this embedding often has naked null
singularity which can not be resolved in a simple way. Thus how to deal with this
singularity deserves further study.
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